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ABELIAN SUBGROUPS OF TOPOLOGICAL GROUPS!
BY
SIEGFRIED K. GROSSER AND WOLFGANG N. HERFORT

ABSTRACT. In [1] Smidt’s conjecture on the existence of an infinite abelian subgroup
in any infinite group is settled by counterexample. The well-known Hall-Kulatilaka
Theorem asserts the existence of an infinite abelian subgroup in any infinite locally
finite group. This paper discusses a topological analoguc of the problem. The
simultaneous consideration of a stronger condition—that centralizers of nontrivial
elements be compact—turns out to be useful and, in essence, inevitable. Thus two
compactness conditions that give rise to a profinite arithmetization of topological
groups are added to the classical list (see, e.g., [13 or 4)).

1. Introduction. The well-known example by Adian and Novikov [1] invalidates
both the Burnside conjecture and a conjecture by O. Yu. Smidt: “There is an infinite
abelian subgroup in every infinite group.” Thus the Smidt conjecture becomes a
restrictive condition. One is far from knowing all groups that satisfy it; it is,
however, satisfied (e.g.) for locally finite groups (theorem of Hall and Kulatilaka [8]).
For compact groups, a negative answer to the question posed above would imply a
negative answer to the restricted Burnside problem (see [10]). A stronger
condition—that nontrivial elements possess finite centralizers—reduces the investi-
gation to one for pro-p-groups (see (1.1)).

It is the purpose of this paper to study topological analogues of Smidt’s question.
In general, the method of topologizing problems of the discrete theory provides
perspective and allows for the development of a more comprehensive theory in
which techniques of Lie theory and discrete theory can profitably be combined. Thus
the topological versions of finiteness conditions (see especially [16, Chapter 4]) have
given rise to the rather extensive theory of compactness conditions (see [13]).

After some preliminary lemmas in §2 (which are needed in §§3,4) we study Lie
groups in which all abelian subgroups have compact closure. It turns out that these
Lie groups are extensions of connected compact groups by discrete groups satisfying
the above condition (see (3.2)). The main results are contained in §4. Moore groups
whose nontrivial elements have compact centralizers are either compact or are finite
extensions of Moore p-groups (see (4.3)). The proof of (4.3) is of a rather technical
nature. A by-product of the investigation is the result that a group G possessing the
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above centralizer condition and for which G, € [SIN],; is itself compact or totally
disconnected (see (4.2)). Two pertinent examples given in §5 delimit the scope of the
results obtained.

We next give the definitions of the classes of locally compact groups needed in the
paper. ‘8 denotes a subgroup of the (topological) automorphism group Aut G:

[IN] :=class of locally compact groups G possessing a compact G-invariant
neighborhood of e.

[SIN]y, :=class of locally compact groups G possessing a fundamental system of
B-invariant neighborhoods of e.

[FC]a :=class of locally compact groups G with precompact ‘B-orbits.

[M] :=[Moore] : = class of locally compact groups all of whose irreducible
Hilbert space representations are finite dimensional.

Z] :=class of locally compact groups G with G/Z(G) compact.

[Lie] :=class of Lie-groups.

Aside from these standard classes (see [4 and 13]) we employ the following notation.

[P~ :=class of locally compact periodic groups.

[TD]  :=class of locally compact totally disconnected groups.

Q :=[IN] N [P]"N[TD]. (Because of [11, Lemma 4.2, p. 408] one has [M] N
(PI” N[TD] C &)

[LF]- :=class of locally compact topologically locally finite groups (G €
[LF]™: = each precompact subset of G generates a precompact sub-
group).

[K] :=class of compact groups.

Furthermore, we now formalize the two finiteness conditions and the corresponding
compactness conditions, as follows.

[AF] :=class of abstract groups G whose abelian subgroups are finite.

[CF] :=class of abstract groups G with finite centralizers C;(x) of the elements
X Fe.

[AF]~ :=class of locally compact groups G whose closed abelian subgroups are
compact.

[CF]~ :=class of locally compact groups G with compact centralizers C;(x) of the

elements x # e.

One has [CF] C [AF] and [CF]" C [AF]™ (see (5.1)). The two questions referred to
above, whether or not [CF] N [K] = [AF] N [K] = class of finite groups, are open
[10]. The question of whether or not an infinite pro-p-group in [CF] actually exists is
also still open.

By N;(H) we denote the normalizer of H C G, by H* and HP#, respectively, for
x € G, and B € Aut G, the image xHx™' and B(H), respectively; by exp G the
exponent of G. For a prime p and an-infinite index set I, let (Cp’ )* denote the weak
direct product of | I | copies of the cyclic group C,. By a “sequence” we mean a short
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exact sequence of topological groups, K>— G 2 H, where H 7(G) = G/K. For

B<AutGletC;(B):= (g€ G|B(g) =gforall p € B}, E:= {e}.
In order to elucidate the techniques used in the paper we close §1 with a result on
groups in [CF] N [K].

(1.1) ProrosITION. Let G € [CF] N [K]. Then G is either finite or a pro-p-group for
an odd prime p (see [15] for the definition of a pro-p-group).

Proofr. Clearly G € [CF] implies G is a torsion group; hence its identity compo-
nent, G, a projective limit of connected compact Lie torsion groups, is trivial, so G
is profinite. If G is not a pro-p-group there exist an open N < G and two primes
p 7 g such that p and ¢ divide |G/N|. If all Sylow subgroups are finite, it follows
from this, on account of [10, Theorem 2, p. 460], that G is finite.

Let r be a prime such that N contains an infinite »-Sylow subgroup R. It follows
from the Frattini argument (see e.g. (2.4)(1)) that there exists a prime s r,
s € {p, q}, and an element x € N, (R) of order s such that x"'Rx = R. Let

L:=(x,R) and ®:= {M=M <R|[R:M] <8 andx'Mx=M}.

® constitutes a base of e-neighborhoods in R. If x acts fixed-point-free on M, M is
nilpotent [6, Theorem 2, p. 405] and, being a torsion group, is locally finite; but
M & [AF], because of [8, (2.5), p. 72], a contradiction. Hence there exists, in every
M € @, a y,, with [x, y,/] = e, i.e., C;(x) is infinite, a contradiction. That p cannot
be 2 follows from [8, (2.5), p. 72]. O

As this proof suggests, one may, in the situations under consideration in this
paper, successfully employ techniques of the theory of (pro-)finite groups—coprime-
ness conditions and Sylow theory [15], i.e., a certain arithmetization [14]. Other tools
are generalizations of the above Frattini argument as well as theorems on the lifting
of fixed points of automorphism groups [6] and special methods of approximation
by Lie groups [5].

2. Auxiliary lemmas.
DEFINITION. For G € Q call x € G a p-element <= (x)~ is a pro-p-group (see
[14]). Let II(G) := {p|3 a p-element x € G\{e}}.

(2.1) LEMMA. Let {x,} be a net of p-elements in G, and x, = lim, x,. Then x, is a
p-element.

PROOF. G € @ = K>-» G — D. where K is compact and open, and D is a discrete
torsion group [4]. Since ( x,, K )= (x,) Kis an open x-neighborhood x, € (x,, K )
for v = »,. It therefore suffices to assume that G is compact, i.e., profinite. Now use
[6, Lemma 6]. [

In what follows we shall also need certain facts concerning the topological
analogue of the class of locally finite groups.

REMARK. G € [LF] = every precompact e-neighborhood generates a compact
subgroup. It is easy to show that for G/G, discrete one has G € [LF]" = G/G, is
locally finite and G, is compact.
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(22) LemMa. (1) G € [LF) and H= H™ < G —» H € [LF]".
(2) N>>G — L with N, L € [LF| = G € [LF]".

PrROOF. (2) Let X be a compact symmetric e-neighborhood in G. It suffices to
show that ( X') is compact. We have ( X)N/N = ( XN /N ), and the latter group is
compact because XN /N is a compact e-neighborhood of L € [LF]". For r € N the
collection {(XN)'/N} = {X'N/N} is an open covering of ( X)YN/N, so there
exists an r, with X""N/N = ( X)N/N. Therefore X" contains a system of repre-
sentatives of ( X)N /N, hence also one of the isomorphic group (X)/(X)N N.
This implies

Xo((X)YNN)={(X)D X*.

Let S:= X*° N N < N. From the relation X*"* C X"S C X" (S ), one obtains, by
induction on k, X*0 C X"(S) and, from this, (X)C X"(S)". N € [LF]” now
implies (S)~ is compact. [

(2.3) COROLLARY. G € [M] N [P]"= G € [LF]".

ProOE. There exists a sequence K> G — H, where K is compact and H € [M]
N [Lie] N [P]; according to [11, Theorem 3] there exists a sequence M >> H — F,
where F is finite and M € [Z], so M € [LF]™ also. O

(2.4) LEMMA. (1) ( Frattini Argument). Let K be a profinite closed normal subgroup
of G and P a p-Sylow subgroup of K. Then G = N;(P)K.

(2) Assume G is locally compact, G, compact, T a maximal torus (i.e. a maximal
connected abelian closed subgroup) of G,. Then G = N;(T)G,,.

PROOF. (1) Let g € G. If P is a p-Sylow subgroup of K, then so is P£. On account
of the conjugacy of such subgroups [17] there exists kK € K with P& = PX. From
gk™' € N;(P), the assertion follows.

(2) It follows from [9, Lemma 1.3, p. 5] and from properties of projective limits
that there exist maximal tori in connected compact groups and that any two are
conjugate. Now proceed as in (1). O

(2.5) LEMMA. Assume K >> G — D, K compact and open, D discrete. If G € [AF]",
then D is a torsion group which does not contain a locally cyclic subgroup. If, in
addition, D is abelian, then |I1(D)| is finite; furthermore, if D is infinite, then there
exists a prime p such that D possesses an infinite subgroup of the form (Cp’ )*, where I is
an infinite index set.

kg
PROOE. If D is not a torsion group then there exists K> G, »Z with G, = G| <

G, which means G, € [AF]". Let t € G|, m(1) = 1 € Z. Then (z)~ would not be
compact, a contradiction. Assume D contains a locally cyclic (hence infinite)
subgroup L=U, .\ L,, L, CL,,,, each L, := (x,) finite and cyclic and n € N.
Then there exists K>> H — L with H € [AF]", and there are numbers a,, with
%% = x, (for n>r) and a,,@a, = a,, (for n>r>s). For each n let x, € x, be a
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representative. We now construct inductively monothetic subgroups Z, := (z, )~ of
H with the following properties.

(1 z,=x,and

22z,0Z, .
Let Z,:= E and let {t} be a strictly increasing sequence of natural numbers such
that the sequence {x;},, which lies in the compact set x,, converges to a limit z, (so
2, =X%;). Put Z,:= (z,)". Assume we have already found z,, z,,...,z, and
Z,, Z,,...,Z, with properties (1) and (2) such that lim x{'v =z, (1 <j < n).

Replacing {¢}, if necessary, by a subsequence, one may assume {x/*'}, to be
convergent in X, ,, with limitz, . | € X, , ;. We have

(x:ll\n‘ l)a""*" = x‘l]“"

Hence ¢t — oo results in zyny» =z, ie Z,, = (z,,,)" >2Z, Let Z:=
(U, enZ,)"- Since m(Z) = L, the closed abelian subgroup Z < H cannot be com-
pact, a contradiction. Next let D be abelian and [II(D)|= 8. We have D =I1*D,,
where p € II(D) and D, denotes the p-component of D. Choose x, € D)\ E such
that x7 = e and put

L, := <pr|p<n,p €H(D)>.

Then L := U, gL, is locally cyclic in D, a contradiction. Therefore IT( D) must be
finite. Now, if | D|= R, and D =1} c1yp, D, = Il ,c11(p) D,» then there exists p €
II(D) with | D,|> 8. According to the above, D, contains no quasicyclic subgroup
Z( p~), since the latter is locally cyclic. Thus D, contains no divisible abelian
subgroup, hence is reduced. Because of [2, 77.5, p. 65] there exist an infinite set I and
nontrivial subgroups (4,),c; in D, as well as a subgroup A <D, 4 =7, 4,. In
AN\ E we select a;, with a? = e. Then ({a,},c,)= (Cp’)* is an infinite subgroup. [

3. The class [AF]™ . The examples given in [1 and 12] show that there exist rather
complicated noncompact groups in [SIN] N [AF] C [SIN] N [AF]". Since these
groups are discrete it is conceivable that nondiscreteness of a group together with the
condition [AF]~ results in a more serious restriction. Along these lines we have the
following result.

(3.1) PROPOSITION. Let G € [IN] N [AF]". Then there is a sequence K> G — D,
in which K is compact and open, and D is a discrete torsion group not possessing any
locally cyclic subgroup.

PROOF. The structure theorem for [IN]-groups [4] yields a sequence H>-> G — D,
where H is an extension of a compact group K by a vector group V. However, V
must be trivial since G is periodic, so H = K. By the same structure theorem, K is
open. The remaining statement follows immediately from (2.5).

For Lie groups a reduction of the problem to the corresponding problem for
discrete groups can be accomplished as follows.

(3.2) THEOREM. For a Lie group G the following holds: G € [AF]™ < G, is compact
and G/G, € [AF].
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For the proof we need an auxiliary result.

(3.3) LEMMA. Assume 1 is an infinite index set, p a prime, V 1= (CI,’)*. r € N, and
[V XV = C a bilinear form with respect to GF(p) satisfying f(x, x) =0 for all
X € V. Then there exists an infinite subspace U < V such that u,, u, € U = f(u,, u,)
=0.

PrOOF. For x € V the set f(x, V) is finite; hence there exist an infinite subset
S C Vand ¢ € C; such that f(x, S) = {t}. Pick s, € S. We have f(x, S — s,) =
f(x,S) — f(x,sy) =0, so there exists an infinite orthogonal f~complement {x}* of
x and x € {x}*. For x, € V, x, # 0, put U, := (x,), ¥, := U;" . Inductively we
construct the subspaces

U, = (x;.Xy,....x, ), dimU,=n, V,=U". |V,|=R8,.
Pick x,,,., € V, withdim (U,, x,, ,)=n + 1. Put

Upir 7= (Ups X,00)s Voer 1= Upiy
According to the above, the orthogonal complement W := {x,,+|}¢" with respect to
fIV, X V, is already an infinite subspace of V,. But we have W<V, _,, so that
f(x,., W) =0and f(U,, W) = 0. Therefore V, , , is infinite. [

PROOF OF (3.2). (=) Let A = A"< G be abelian and noncompact. Then 7(A),
where 7: G — G/G,, is obviously an infinite abelian subgroup of G/G,, a con-
tradiction.

(=) First we note that G, € [AF]", so that G, is compact [7, p. 180]. Let T be a
maximal torus in G,. It suffices, first, to show that N;(T)/T € [AF]. For we have
G,= U T$ and therefore G = N;(T)G, ((2.4)(2)). Thus

8E€G
G/Gy = Ng(T)Gy/Gy = Ng(T)/N(T) N Gy
= Ng(T)/Ng(T) =(Ne(T)/T)/ (Ng(T)/T).

Since N;(T)/T =:W is the (finite) Weyl group of G, the sequence W>—
Ng(T)/T — G/G, represents a discrete extension with finite kernel. If there exists
an infinite abelian subgroup A* C G/G,, then there is the sequence W>—
A/T — A* of locally finite groups. Hence 4 /T is locally finite and, according to [8,
(2.5), p. 72], possesses an infinite abelian subgroup A4,/T<A/T <Ny (T)/T. a
contradiction to N;(T)/T € [AF]. In order to prove the assertion, we deduce a
contradiction from the assumption N;(T)/T & [AF]. Thus assume H/T < Ny(T)/T
is an infinite abelian subgroup. Since H € [AF]™, we deduce from (2.5), for
K:=T,G:= H,D:= H/T, that there exists a prime p and an infinite index set /
such that (C/)* < H/T. To this corresponds the sequence 7> H, — (G))*. Let
@: H, — Aut T be the canonical action of H, on T. Since T < ker ¢ and exp ¢(H,)
< p, @(H,) is a torsion subgroup of Aut T’ = Sl(n, Z), where n = dim 7. On account
of [5, 1.13 Satz, p. 329] one has ¢(H,) finite. For H, := ker ¢ one therefore has the
sequence 7> H, — (Cp’)*, where T < Z(H,) and H; < T, so H, is nilpotent of
class < 2. Therefore, for h*, h € H,, one has (since h*” € T < Z(H,)) e = [h?, h*]
= [h, h*]?, so exp H; < p. It follows immediately that H; = C; with r < n. Because
of H, = H; < H, = H< G, one has H, € [AF]".
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On the vector space H,/T X H,/T over GF(p) we define a C,-valued bilinear
form by f(x, y) =[x, y]. It is well defined because T < Z(H,), and one has
f(x, %) =0¢€ . By (3.3) there exists U< (Cp’)* = H,/T with |U|= 8, and
f(U,U) = {0}. From this we get the sequences 7> H; — U, where H, represents a
noncompact closed subgroup of G. For x, y € H,, one has [x, y] = f(x, y) =0, so
H, is also abelian, a contradiction to H; € [AF]".

(3.4) COROLLARY. G/G, € [LF] and G € [AF]™ imply G/G, is finite.

ProoOF. It follows from G € [AF]~ that G, is compact and G/G,, € [AF]. Now, if
|G/G,y|= R, then it follows from G/G, € [LF] and from [8, 2.5, p. 72] that G/G,,
possesses an infinite abelian subgroup, a contradiction. [

4. The classes [CF]"N[SIN] and [CF]"N[M]. For the proofs of the structure
theorems (4.2) and (4.3) we need some information concerning the lifting of fixed
points of groups B of automorphisms in certain B-invariant sequences for G.

(4.1) PROPOSITION. For B < Aut G, and G € [SIN]y N [K], let K>— G 2 Hbea
B-invariant sequence. Then m(C;(B)y) = Cg k(B ).

PRrROOF. Write H := G/K. Because of C;(*8), C G, we may assume G = G,. We
distinguish four cases:

(1) K € [TD] (in this case, G need not be in [SIN]y);

(2) K and G are connected Lie groups;

(3) G € [Lie];

(4) the general case.

(1) From the continuity of g5: G = G,

w(g) = &P
and

w:= %(('”_I(CG/K(%)))()) CK,

we infer that W = E, i.e., ('77"(CG/K(23)))0 C C;(B)y. An application of 7 yields
the result.

(2) In view of the connectedness of K the sequence K> U, - Cy(8),, where
Up := (77 (Cp(B)o))o, is exact. It suffices to show that Uy = C4(B),K. This,
however, follows from the relation (to be proved), u = ¢, (B°) + ¢, involving the Lie
algebras £, u, ¢, (B°) of the connected Lie groups K, U, C,(B),, where B° denotes
the canonical image of B in Aut g. Since G € [SIN]g N [K], it follows that B~ is
compact in Aut(G) and, hence, (8°)” is compact in Aut g. Hence the restriction
image of (B°)” in Aut u is compact. Therefore there exists a B -invariant decom-
position u = £ ® 3. Clearly, for s €8, B € B, s# —s € 3 Nt = {0}, and therefore
8 <, (B, ie c (B + f=ufollows.

(3) Apply (1) and (2) to the ®B-invariant sequences K> G — H, K/K,>—
G/Ky, ~ H,K,>=— G — G/K,.
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(4) We have G € [SIN], N [FC]y N [K] so ¥ (Inn G) is compact in Aut G by [S].
According to [4, (2.11)], G = lim proj{G/N.,, ¢, }. where each N, is 8B-invariant and
G/N, is a Lie group. Clearly, G/N, € [SIN], N [K], and, by (3), m(Cq,n(B),) =
Co/xn(B)o, where 72 G/N; = G/KN, is the canonical epimorphism induced by 7.
Since lim proj is right exact, the final result follows. O

(4.2) THEOREM. Let G € [CF]™ and G, € [SIN],. Then G is either totally discon-
nected or compact.

PROOF. Let G, # E, but G is noncompact. Since [P]”D [CF]", G, is compact [4,
(2.13), p. 12]. Let T be a maximal torus in G,. Because of (2.4)(2) we have
G = N,(T)G,; hence Ni(T) is noncompact. It follows from G, € [SIN]; that
T € [SIN]y (7). Since T is compact it follows from [5, (1.7), p. 326] that the
canonical image of N;(T) in Aut(T') is precompact; hence it follows from [4, (2.11),
p. 11] that there exists T, < Ng(T), T} < T with T\>T — T”, where T” is an
n-dimensional torus, n # 0. Let ¢: N;(T) — Aut(T") be the canonical homomor-
phism resulting from the Ng(T )-invariant sequence above. Since Ng(T) is periodic
and T < Ker ¢, p(N(T)) is a torsion subgroup of Aut(T") = S1,(Z) and is there-
fore finite, in view of [5, (1.13), p. 329]. Let B := Ker ¢. Then B is closed but not
compact, because otherwise N;(7') would have to be compact.

By construction, T" = C3.(B),. Now let ¢: Ny(T) — AutT" be the canonical
homomorphism, 8 := Y(B), and let G: =T, H'= T” in (4.1). It follows that
T(Cr(B)y) = T", so C;(B), # E. For x € (C(B),\ E) we therefore have B <
C(x), i.e, C4(x) cannot be compact, a contradiction. U

(4.3) THEOREM. Every Moore group with centralizer condition [CF]™ is either
compact or a finite extension of a Moore p-group ( p a prime).

The proof will be given in a number of stages. First we need several technical
definitions and results concerning groups in 2. After that we construct a hypotheti-
cal counterexample to the conclusion of (4.3).

(4.4) LEMMA. For G € Q let K>> G — D be as in the proof of (2.1) and let T be a
closed noncompact subset of G. Then there exists a countable subset A C T with AK
o-compact and noncompact, and { A) K o-compact.

PROOF. Since K is compact and open, {gK|g € G} is an open covering of G
(hence of T) by pairwise disjoint compact sets. Since T' is noncompact there are
infinitely many ¢ € T lying in different sets gK. Hence there is an infinite countable
number of such elements ¢. Let A be such a set. Then AK is open and ¢-compact.
Analogously, A’K, and therefore also ( A) K = U,_, 4K is o-compact. [

DErFINITION. Call G € § p-discrete, if there exists a o-compact, closed noncompact
p-subgroup in G.

DEFINITION. For G € € let M(G) := {x € G|x is a p-clement}. (Note that, in
view of (2.1), M,(G) is closed.)

DEFINITION. We call H < G a o-subgroup, if the following holds:

(1) H is closed and noncompact,
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(2) H= U._yH,, H, open and compact subgroups of H, H, < H, .

(4.5) LEMMA. Assume there exists K>> G — A with K profinite and open and A an
abelian torsion group. Then G € @ N [LFI"N[FD]". If M, (G) is noncompact then
there exists a p-o-subgroup S, and G is p-discrete.

PROOF. Obviously G € & N [FD]", because of (2) in (2.2) G € [LF]". Since K is
compact, M,(A4) is noncompact if M,(G) is noncompact. Let {x;|i € N} be a
countable subset of a system of representatives of G/K contained (see (4.4)) in
M,(G); let

H:i= (K. {x}), H = (K {x,...x}).

Each H, is open and H = U, _ H,. By passing, if necessary, to a subsequence of
{x,}, one may assume H, < H, ,,. Thus H is an open o-subgroup. Let S,(H,) be a
p-Sylow-subgroup of H,. Since H, , , is profinite for every k, S,( H,) can be extended
to a p-Sylow-subgroup S,( H, ). One obtains the ascending sequence {S,(H,) |k € N}
and S, := U, \S,(H,). By construction H,,/H, is a nontrivial finite p-group.
Thus there exists a p-element r, € H, .\ H,. Hence there exists y, 7, y;' €
(S,(Hy D\ S,(H,)). Obviously, ¢, € S, is not totally bounded, so S, is not compact.
One has H, N S, = S,(H,). Since H, is compact, S, N H is closed. Let {x,|» € N}
be a net in S, converging to x. Then x € H and therefore x € H, for some k. Since
H) is open it follows that x, € H, for » = »(k). Therefore, x, € H, N S, = S,(H,).
Since the latter group is compact, it follows that x € S,(H,) C S,. Thus S, is closed.

(4.6) LEMMA. Assume G € Q@ N [LF]"N[FD]". Then the following holds.
(1) L < G and L compact = (G is p-discrete < G /L is p-discrete).

(2) G=HL, L <G, L compact = (G is p-discrete < H is p-discrete).
(3) L>> G — T with T compact = (G is p-discrete < L is p-discrete).

PROOF. (1) We have the following two sequences: L>» G — G/L with L com-
pact; K>- G - G/K with K compact and open, G/K a discrete abelian torsion
group.

(=) Let S, be a p-o-subgroup of G. From the first sequence one sees that S,L/L
is a p-o-subgroup of G/L.

(=) Let Sy := S/L be a p-o-subgroup of G/L. We first show that S /(S N K)L
=(S/L)/((SN K)L)/L) is an infinite discrete (locally finite) p-group. Now
(SN K)L)/L is a compact open subgroup of S/L = Sy, 0 S/(SNK)Lis a
discrete p-group. If it were finite then S, would have to be compact, a contradiction.
Thus it immediately follows from the sequence (S N K)L>>S§ — S/(S N K)L
that M,(S) is noncompact. An application of (4.5) to the sequence S N K>
§ = §/(§ N K) yields a p-o-subgroup S, of S, hence one of G.

(2) First note that G/LK = HLK/LK = H/H N (LK). Because of (1) one also
has

H p-discrete < H/H N (LK) p-discrete < G/LK p-discrete = G p-discrete.

(3) (=) In the sequence LK > G —~ T, T, is compact abelian and discrete, hence
finite. Therefore, and because of (1), G/K is p-discrete and abelian in the sequence
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LK/K>> G/K — T,, hence contains an infinite abelian p-subgroup H/K. Hence,
because T is finite, there exists an infinite abelian p-subgroup in LK /K. Therefore,
LK/K = L/L N K is p-discrete. From (1) it follows that L is p-discrete. [

(4.7) LEMMA. Assume G € @, G = BH, B= B < G, H< G, H compact, K= K~
< H, B<NyK), B=U,_yB;, B, = B,, each B; compact and open in B, and
II(B) N II(K) = ®. If there exists h € H, such that (hK)® = hK, then there exists
x € hK with xB=x,i.e., B< Co(x).

PROOF. Each B, H is compact, hence profinite. Because of (K )% = hK, TI(B,) C
II(B) and II(B) N II(K) = & it follows from [3, Lemma 1.3] that there exists a
sequence {x,} C hK with x% = x; for all i € N. Let x be a clusterpoint of the
sequence x; in the compact set #K. W.l.o.g. assume lim x;, = x. For b € B we have
b € B, for some j. Let i =j, so B, D B,. Then x;» = x;, therefore x” = x, hence
xB=x. O

(REMARK. The condition stated in 1.3 of [3] ought toread (|4 |,|H|) = 1.)

DEFINITION. G € [F,]: = G is profinite or is a finite extension of a p-group
PinQ: P—G — G/P.

(4.8) LEMMA. N > G — F with F finite = (G € [F,] = N € [E,)).

PROOE. If G or N is profinite, we are done.

(=) From P> G — G/P we deduce the sequence N N P>> N - NP/P. Since
 is stable with respect to the passage to closed subgroups, it follows that N N P € Q.

(=) Assume we have P,>> N — N /P, with P, a p-group in Q and N/P, finite.
[G: P,]is finite and, therefore, the normal subgroup P := ﬂge ¢ P§ is of finite index
in G because it is a finite intersection of subgroups of finite index. From P < P, < N
weinfer P € Q. O

PROOF OF (4.3). Because of (4.2) it suffices to assume G € [TD]. For the proof by
contradiction we now assume

G € ((M] n [TD)\ U ([E]).

Claim 1. G may be assumed to be of the form K>- G — A, where K is a profinite
[SIN]-group, and 4 is a discrete abelian torsion group.
PROOF. According to [11, Theorems 2, 3, p. 402] one has G = lim proj G,, where,

in the sequence K,>— G — G,, K, is compact. Furthermore, M, >— G, — F,,
where M, is a discrete [Z]-group, F, is finite and G, is a discrete [M]-group.
(Compare also [18].) Put 4, := 7;'(Z(M,)) and let K,>> A, — Z(M,) be the
corresponding sequence. Since G/A4, is finite one may replace G by 4, in view of
(4.8).

Claim 2. p € II(G) = M,(G) is compact.

PROOF. Assume M,(G) is noncompact. If G contains no g-element, g # p, then G
is a p-group, a contradiction. Let x, be a g-element. Replacing K, if necessary (see
Claim 1), by (x,, K)= (x,) K, one may assume x, € K. Then there exists a
nontrivial g-Sylow subgroup Q of K. It follows from (2.4)(1) that G = N (Q)K.
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Since M,(G) is noncompact it follows that G is p-discrete ((4.5)); from this it follows
that M,(Ng(Q)) is noncompact so N;(Q) is p-discrete (4.6)(2). Hence there exists
((4.5)) a p-o-group P = P~< N,(Q). Since K € [SIN]; it follows from G = N;(Q)K
that Q € [SIN],. Since Q is profinite, there exists Q, < Q, Q7 = Q,, 1 <|Q/Q,|<
R y. Thus there is a continuous homomorphism ¢ : P — Aut(Q/Q,). For P, := Ker ¢
we then have (yQ,)" = yQ, for all y € Q. Let y € Q\Q,. P, is also a p-o-group.
On putting B:= P, H:= Q, K:= Q,, h:= y in (4.7) one sees there exists
x € yQ, with P, < C;(x). Since P /P, is finite, P, is not compact. Since P, is closed,
a contradiction results.

Claim 3. TI(G/K) = 8§

PRrOOF. Assume II(G/K) = {p,,...,p,}. We show that M, (G)K/K = M, (G/K).
Clearly C holds. Let x € G, m(x) € M, (G/K). Now (by Claim 1) (x, K )= (x)K
is profinite and 7({x, K )= (m(x)) is finite. Hence there exists y € M, ((x, K ))
with m(y) = m(x). On account of M,((x, K)) C M,(G), one has M,(G/K) C
M, (G)K/K. Hence M, (G/K) is finite (by Claim 2) so G/K is finite and therefore
G compact, a contradiction.

(4.3) (END OF PrROOF). G € [CF] = G € [AF]". Because of (2.5), for D := G/K,
it follows that |II(G/K)|< 8, a contradiction to Claim 3.

5. Examples and remarks.

(5.1) ExampLE (Nilpotent group, of class 2, in [AF]"\[CF]"). Let p be an odd
prime, W := G, with its natural compact topology. ¥ := C endowed with the
discrete topology. Let G := V X A*(W) with the operation

(v,0)(v,0):=(v+v,0+0 +270AV).

G is a nilpotent group of class 2. Topologize G by the sequence A2 (W )>> G — V,
in which A*(W) is clearly compact. From the commutator relation [(v, 0),(v’, 0")]
= (0, v A\ v’), one sees that A*(W) = Z(G). Since G is not compact, the elements of
Z(G) violate the condition [CF]". It is easy to see that, for v € ¥\ {0},

Co(v,0) = {(rv, t)|r € GF(p), 7€ AZ(W)},

so C;(v, 0) is an abelian group. It follows that C;(v, o) is compact for v # 0. Since
every maximal abelian subgroup of G contains Z(G), every such subgroup is of the
form C;(v, o) fora v # 0. Thus G € [AF]".

(5.2) ExaMPLE (A noncompact Moore group with centralizer condition). Let
F = (xy, x,,...) be the free group in countably many variables {x,}, and let p be a
fixed prime. The system ® := {N < F|x; € N for almost all i and [F: N] = p* for
some k € N} of normal subgroups constitutes a fundamental system of e- ncighbor-
hoods in F; in the resulting topology the x, converge toward e. Let F be the
completion of F with respect to this topology. F is the restricted free pro-p-group in
countably many variables (see [15]). For its Frattml subgroup F * one has F * = F PF i’
Let G:= F- F* This gives rise to the algebraic sequence F* G > (C N)* by
means of whjch G is topologized as a locally compact, noncompact group, w1th F * as
a compact open subgroup. We show that G € [M] N [LF]". (Instead of our orlgmal
proof of this assertion we offer a short proof due to G. Schlichting.) Let K € [K] and
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let KD G2 LD(K’') bea sequence of subgroups of K such that L is a closed
normal subgroup of G. One may define a new topology on G by the sequence
L>> G — G/L, where L is open and compact.

Since G > K is continuous, we have G € [MAP]. Since, obviously, G € [FD]", it
follows from known results on compactness conditions [13, p. 701] that G € [M].

Call z a primitive element for x, if x = ", but if no r with x = ¢#""' can be
found. Note also that each x € F has a unique representation x = (H lx )n. with
a; € Z, ( p-adic integers) and E F’ (this is seen by passing from F to F/F’) We
flI'Sl note that Z, is a compact mtegral domain containing Z as a dense subrlng
Accordingly one says that p|a, if there is a B € Z, with a = pB. By passing to E /F ’
one observes from the construction of G, that x E G if and only if x = ([I2, x*)n,
n € F, and almost all a; are divisible by p. According to this we have x € F,,* if and
only if every q; is divisible by p.

For the proof of the compactness of Cg;(x), let

o
z:(Hx,.B')n‘, EF};,
i=1

be a primitive element for x. According to [3, Lemma 4.1, p. 526] we have
Ci(x) = (z)~, where the closure is taken in F Hence C;(x) = (z) NG. If almost
all B are divisible by p then, for z € G and n sufflclently large, it follows that

(Y NG < (xp.....x,) EX:

hence C,;(x) is compact. If, however, infinitely many B; are not divisible by p, then
z & G holds. From this it follows that z” & G for 0 < r < p, because

oC
- ( il x{B')n(r)~ where (r) € £} and p| B, = p| 1,
i=1
holds. In particular, this implies z’F,,* N G= @ if 0 <r<p. We have, however, the
coset decomposition
p—1
()= Ui
r=0
of C,;p(x)l:";‘. It follows that
p—1
Co(x)={z) nG<({z)E)nG=U:zENnG=F,
r=0

and C;(x) is compact. I

REMARK. One can construct examples of groups G € [AF]"N[M] with G, # E.
Thus (4.2) cannot be generalized to this class. It is our conjecture that (4.2) holds for
G € [AF]"N[SIN] N [LF]". Finally, another open problem is suggested by the
well-known examples of groups due to Olshanskij [12]—infinite groups all of whose
proper subgroups are finite. Such groups may be viewed as examples of noncompact
[SIN]-groups all of whose proper closed subgroups are compact. Are there nondis-
crete [SIN]-groups with this property which are not compact?
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